In this short note, we prove in few lines that Ran-Reurings fixed point theorem [A. C. M. Ran, M. C. B.
Introduction
In order to establish the existence of a positive solution to a certain nonlinear matrix equation, Ran and Reurings [3] established a fixed point theorem in a metric space endowed with a partial order. After this work, this theorem was extended and generalized in many directions. In this note, we prove that RanReurings fixed point theorem is an immediate consequence of the well-known Banach fixed point theorem [1] .
Let us recall the Banach contraction principle.
) be a complete metric space and T : Z → Z be a given mapping. Suppose that there exists some constant λ ∈ (0, 1) such that
Then T has a unique fixed.
Let X be a nonempty set endowed with a partial order . Definition 1.2. We say that T : X → X is non-decreasing with respect to the partial order if (x, y) ∈ X × X, x y =⇒ T x T y.
Ran and Reurings [3] established the following result. Theorem 1.3. Let (X, d) be a complete metric space endowed with a partial order . Let T : X → X be a continuous and non-decreasing mapping with respect to . Suppose that there exists some constant λ ∈ (0, 1)
If there exists some x 0 ∈ X such that x 0 T x 0 , then T has a fixed point.
Discussion
Now, we prove that Theorem 1.1 =⇒ Theorem 1.3.
Let us consider the subset Λ T (x 0 ) of X defined by
be the closure of Λ T (x 0 ) with respect to the metric d. Clearly, (Z, d) is a complete metric space. We claim that
Let z ∈ Z. From the definition of Z, there exists a sequence {T n k x 0 } k that converges to z with respect to the metric d. The continuity of T yields {T n k +1 x 0 } k converges to T z with respect to the metric d. Since {T n k +1 x 0 } k ⊆ Z and Z is closed, then T z ∈ Z, which proves our claim. Now, let (x, y) be an arbitrary pair of points in Z × Z. From the definition of Z, there exists a sequence {T n k x 0 } k that converges to x with respect to the metric d. Similarly, there exists a sequence {T np x 0 } p that converges to y with respect to the metric d. On the other hand, the monotony of T yields
Then T n k x 0 and T np x 0 are comparable with respect to the partial order for every natural numbers p and k. Thus we have
Letting k → ∞ and p → ∞ in the above inequality, using the continuity of T and the metric d, we obtain
As a consequence, we have d(T x, T y) ≤ λd(x, y), (x, y) ∈ Z × Z.
Finally, the Banach contraction principle (Theorem 1.1) gives us the existence of a unique fixed point of T in Z. Note that the uniqueness is obtained just in the subspace Z of X. So, T has at least one fixed point in the hole space X. This ends the proof.
Remark that our strategy can be used for many other types of contractions in partially ordered metric spaces under the continuity assumption of the considered mapping. For example, let us consider the Kannan fixed point theorem [2] . Theorem 2.1. Let (Z, d) be a complete metric space and T : Z → Z be a given mapping. Suppose that there exists some constant λ ∈ (0, 1/2) such that
Using our strategy, we deduce immediately from Theorem 2.1 the following version of Kannan fixed point theorem in partially ordered metric spaces. Corollary 2.2. Let (X, d) be a complete metric space endowed with a partial order . Let T : X → X be a continuous and non-decreasing mapping with respect to . Suppose that there exists some constant λ ∈ (0, 1/2) such that If there exists some x 0 ∈ X such that x 0 T x 0 , then T has a fixed point.
